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Abstract

The Duhamel theorem is a useful classical result that allows finding the solution to a single phase thermal diffusion problem subject to
time dependent heat sources and time dependent boundary conditions in terms of known solutions to the equivalent problem when the
heat sources and boundary conditions are independent of time. The present paper presents the proof to the Duhamel theorem for dual
phase thermal diffusion applications.
� 2007 Published by Elsevier Ltd.

Keywords: Duhamel theorem; Heat conduction; Two-phase; Dual phase; Local thermal non-equilibrium; LaLotheq
1. Introduction

The Duhamel theorem ([1–4]) is a very useful classical
result that allows one to find the solution to a single phase
thermal diffusion problem subject to time dependent heat
sources and time dependent boundary conditions in terms
of known solutions to the equivalent problem when the
heat sources and boundary conditions are independent of
time. Kast [5] derived recently an extension of the Duhamel
theorem to stochastic boundary conditions. The formula-
tion of the Duhamel theorem does not allow for its direct
application to dual-phase conditions. The latter include
in particular porous media applications subject to lack of
local thermal equilibrium (LaLotheq) such as Minkowycz,
Haji-Sheikh and Vafai [6], Nield [7,8], Nield and Bejan [9]
and Vadasz [10–13] as well as solid suspensions in fluids as
applied, for example, for nanofluids by Vadasz [14].
Additional applications include any combination of two
phases where the heat transfer in each phase as well as over
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the interface separating the two phases occurs by thermal
diffusion. In particular modern experimental techniques
such as the transient hot wire method for the evaluation
of the thermal conductivity are not directly applicable to
dual-phase applications. The rendering of such methods
to dual-phase systems requires the development of the the-
oretical and analytical basis for such applications. The
objective of the present paper is to provide the extension
of the Duhamel theorem for such dual phase applications
of thermal diffusion including its rigorous proof.
2. Problem formulation and local thermal equilibrium

Let us consider the heat conduction in any dual phase
system. While all the following derivations and conclusions
apply generally as stated above to any dual phase system
we adopt here the notation that is particularly useful for
porous media applications, i.e. the subscripts s and f repre-
sent the solid and fluid phases, respectively. The equivalent
application to any other dual phase system is obtained by
allocating the subscripts s and f to represent phases 1 and
2, respectively. Heat conduction in porous media subject
to lack of local thermal equilibrium (LaLotheq) is gov-
erned at the macro-level by the following equations that
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Nomenclature

Latin symbols

h integral heat transfer coefficient for the heat
conduction at the interface between two phases

ks effective thermal conductivity of the solid phase,
equals ð1� eÞ~ks

~ks thermal conductivity of the solid phase
kf effective thermal conductivity of the fluid phase,

equals e~kf
~kf thermal conductivity of the fluid phase
t time
T temperature
r position vector, in Cartesian coordinates equals

ðxêx; yêy ; zêzÞ

Greek symbols

as solid phase effective thermal diffusivity, equals
ks/cs (dimensional)

af fluid phase effective thermal diffusivity, equals
kf/cf

cs solid phase effective heat capacity, equals
(1 � e)qscs

cf fluid phase effective heat capacity, equals eqf cp,f

e porosity
qs solid phase density
qf fluid phase density

Subscripts

s related to the solid phase
f related to the fluid phase
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represent averages over each phase within an REV (repre-
sentative elementary volume)

cs

oT s

ot
¼ ksr2T s � hðT s � T fÞ þ gsðr; tÞ ð1Þ

cf

oT f

ot
¼ kfr2T f þ hðT s � T fÞ þ gfðr; tÞ ð2Þ

where Qsf = h(Ts � Tf) represents the rate of heat genera-
tion in the fluid phase within the REV due to the heat
transferred over the fluid–solid interface, and where
cs = (1 � e)qscs and cf = eqfcp,f are the solid phase and fluid
phase effective heat capacities, respectively, e is the poros-
ity, ks ¼ ð1� eÞ~ks and kf ¼ e~kf are the effective thermal
conductivities of the solid and fluid phases, respectively.
The coefficient h > 0, carrying units of W m�3 K�1, is a
macro-level integral heat transfer coefficient for the heat
conduction at the fluid–solid interface (averaged over the
REV). The heat sources/sinks terms in (1) and (2) are gen-
eral and allow for different and time dependent heat source
functions in each phase.

Eqs. (1) and (2) are linearly coupled and represent the
traditional form of expressing the process of heat conduc-
tion in porous media subject to LaLotheq (Nield and Bejan
[9], Nield [7]). When the value of the interface heat transfer
coefficient vanishes, h = 0, (physically representing an
interface that is an ideal insulator, e.g. the solid–fluid inter-
face is coated with a highly insulating material) Eqs. (1)
and (2) un-couple and the solution for the temperature of
each phase is independent of the other phase, the phase
having the highest thermal diffusivity producing a temper-
ature that equilibrates faster to its steady state value. Very
large values of h on the other hand lead to local thermal
equilibrium (Lotheq) as observed by dividing Eqs. (1)
and (2) by h and looking for the limit as h ?1 that pro-
duces (at least at the leading order) Ts = Tf. The latter
occurs because despite the fact that one phase (the slow
one) diffuses heat at a slower pace a perfect compensation
occurs due to the interface heat transfer, i.e. the change in
temperature in the faster phase is immediately followed by
an identical temperature change in the slower phase via the
heat transferred through the interface without any resis-
tance because h ?1. Similar results may be obtained with
a finite interface heat transfer coefficient, h, if the thermal
diffusivities of both phases are identical, i.e. as = (ks/
cs) = (kf/cf) = af. Then, both phases will diffuse heat at
the same pace leading naturally to Ts = Tf = T and a
vanishing heat transfer over the interface h(Ts � Tf) = 0
irrespective of the value of h. Eqs. (1) and (2) are subject
to the following general time dependent boundary
conditions

ks

oT s

oni
þ hsiT s ¼ fsiðrb; tÞ on the boundary Si for t > 0

ð3Þ

kf

oT f

oni
þ hfiT f ¼ ffiðrb; tÞ on the boundary Si for t > 0

ð4Þ

where rb represents the equation for the geometry of the
boundary surface Siêi, and where êi is a unit vector normal
to the boundary surface, facing outwards. Note that the
constant parameters hsi and hfi are fundamentally distinct
than the interface heat transfer coefficient h, despite the
similar notation. By setting ks = 0, hsi = 1, kf = 0, hfi = 1
in Eqs. (3) and (4) we obtain Dirichlet type of boundary
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conditions, and by setting hsi = 0, hfi = 0 we obtain
Neumann type of boundary conditions. The initial condi-
tions are

T sðr; 0Þ ¼ F sðrÞ in R for t ¼ 0 ð5Þ
T fðr; 0Þ ¼ F fðrÞ in R for t ¼ 0 ð6Þ

where r represents the position vector, which in Cartesian
coordinates is defined in the form r ¼ xêx þ yêy þ zêz, and
where êx; êy and êz are unit vectors in the x, y and z direc-
tions, respectively.

When local thermal equilibrium (Lotheq) applies
Ts = Tf = T and Eqs. (1)–(4) may be added to yield

ce
oT ðr; tÞ

ot
¼ ker2T ðr; tÞ þ geðr; tÞ ð7Þ

where ce = cs + cf, ke = ks + kf and ge(r, t) = gs(r, t) +
gf(r, t), subject to the boundary conditions

ke
oT
oni
þ heiT ¼ feiðrb; tÞ on the boundary Si for t > 0

ð8Þ

where hei = hsi + hfi and fei(rb, t) = fsi(rb,t) + ffi(rb,t). The
initial conditions must be identical for both phases for
Lotheq conditions to apply, i.e.

T ðr; 0Þ ¼ F ðrÞ in R for t ¼ 0 ð9Þ

Then, when local thermal equilibrium (Lotheq) conditions
apply the Duhamel theorem for single phase thermal diffu-
sion is applicable in the form

T ðr; tÞ ¼ o

ot

Z t

0

uðr; t � s; sÞds ð10Þ

stating that the local thermal equilibrium (Lotheq) temper-
ature solution T(r, t), to problem (7)–(9) that includes the
time dependent source term ge(r, t) and is subject to the
time dependent boundary conditions (8), and initial condi-
tions (9), is obtained from the known local thermal equilib-
rium (Lotheq) temperature solution u(r, t,s), to the
problem

ce
ouðr; t; sÞ

ot
¼ ker2uðr; t; sÞ þ geðr; sÞ ð11Þ

subject to the boundary and initial conditions

ke
ou
oni
þ heiu ¼ feiðrb; sÞ on the boundary Si for t > 0

ð12Þ
uðr; 0Þ ¼ F ðrÞ in R for t ¼ 0 ð13Þ

where ge(r,s) and fei(rb,s) are independent of time, s being a
fixed parameter.

Eq. (10) represents the Duhamel theorem (Duhamel [1],
Carslaw and Jaeger [3], Özisik [4]) for single phase thermal
diffusion and is applicable to dual phase applications if
local thermal equilibrium exists. Bartels and Churchill
[2] provided a general proof of (10) to single phase applica-
tions including extensions to other systems and a more gen-
eral formulation of (7) and (11) in the form

ce
oT ðr; tÞ

ot
¼ ker2T ðr; tÞ þ bT ðr; tÞ þ geðr; tÞ

ce
ouðr; t; sÞ

ot
¼ ker2uðr; t; sÞ þ buðr; t; sÞ þ geðr; sÞ

for any positive, negative or zero value of b = constant.
One may attempt to apply this extended formulation to
dual phase LaLotheq systems by choosing b = �h, and
gs(r, t) = hTf(r, t) in the equation for the solid phase and
gf(r, t) = hTs(r, t) in the equation for the fluid phase. How-
ever, the latter does not resolve the problem because in the
application of Eq. (10) the source term time dependence is
frozen to a fixed value s causing for example for the solid
phase gs(r,s) = hTf(r,s) while we need the time dependence
of Tf(r,s) to solve the coupled equations. Therefore, Eq.
(10) cannot be used directly to dual phase systems subject
to LaLotheq. In addition, when dual phase systems are
lacking local thermal equilibrium (LaLotheq) there is no
proof nor derived relationship equivalent to (10). The next
sections focus on deriving the equivalent Duhamel formu-
lation for dual phase systems subject to LaLotheq and to
providing such a proof.

3. The Laplace transform of the convolution

As the method of proof for the dual phase system sub-
ject to lack of local thermal equilibrium (LaLotheq)
involves the application of Laplace transforms in general
and Laplace transforms of the convolution in particular
[2] it becomes appealing to introduce the latter in this sec-
tion in order to provide relationships that are useful in the
following section.

The generalized convolution u*(r, t) of the function
u(r, t,s) is defined by [2]

u�ðr; tÞ ¼
Z t

0

uðr; t � s; sÞds ð14Þ

From (14) it is obvious to observe that u*(r,0) = 0. The
variable r represents the position vector, which in Cartesian
coordinates is defined in the form r ¼ xêx þ yêy þ zêz, where
êx; êy and êz are unit vectors in the x, y and z directions, and
is not relevant to this first part of the derivations, but be-
comes relevant later. In case u(r, t,s) = u1(r, t)u2(r,s) the
function u*(r, t) is the ordinary convolution u1(r, t) �
u2(r,s) of the two functions u1(r, t) and u2(r,s).

Let �u�ðr; sÞ �L½u�ðr; tÞ� denote the Laplace transform
of u*(r, t) with respect to t, defined by

�u�ðr; sÞ �L½u�ðr; tÞ� ¼
Z 1

0

e�stu�ðr; tÞdt ð15Þ

and let ��uðr; sÞ denote the iterated transform of u(r, t,s) first
with respect with t and then with respect with s, in the form
[2]
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��uðr; sÞ �L½�uðr; sÞ� ¼
Z 1

s¼0

e�ss �uðr; sÞds

¼
Z 1

s¼0

e�ssds
Z 1

t¼0

e�stuðr; t; sÞdt ð16Þ

Bartels and Churchill [2] introduced and proved the follow-
ing equation relating ��uðr; sÞ to �u�ðr; sÞ
�u�ðr; sÞ ¼ ��uðr; sÞ ð17Þ
We will not repeat this proof here and the reader is referred
to Bartels and Churchill [2] for the details of the proof.

4. Duhamel theorem for dual phase systems (LaLotheq)

Consider the dual phase thermal diffusion initial-bound-
ary value problem subject to LaLotheq

cs

oT sðr; tÞ
ot

¼ ksr2T sðr; tÞ � h T sðr; tÞ � T fðr; tÞ½ �

þ gsðr; tÞ in R for t P 0 ð18Þ

cf

oT fðr; tÞ
ot

¼ kfr2T fðr; tÞ þ h T sðr; tÞ � T fðr; tÞ½ �

þ gfðr; tÞ in R for t P 0 ð19Þ

where the definitions are identical to the ones introduced
following Eqs. (1) and (2). The time dependent boundary
conditions are

ks

oT s

oni
þ hsiT s ¼ fsiðrb; tÞ on the boundary Si for t > 0

ð20Þ

kf

oT f

oni
þ hf iT f ¼ ffiðrb; tÞ on the boundary Si for t > 0

ð21Þ

and the initial conditions are

T sðr; 0Þ ¼ F sðrÞ in R for t ¼ 0 ð22Þ
T fðr; 0Þ ¼ F fðrÞ in R for t ¼ 0 ð23Þ

Applying now the Laplace transform on Eqs. (18)–(21) by
using the definition of the Laplace transform and the La-
place transform of a time derivative yields

cssT sðr; sÞ � csF sðrÞ ¼ ksr2T sðr; sÞ � h T sðr; sÞ
�

�T fðr; sÞ
�
þ �gsðr; sÞ ð24Þ

cfsT fðr; sÞ � cfF fðrÞ ¼ kfr2T fðr; sÞ þ h T sðr; sÞ
�

�T fðr; sÞ
�
þ �gfðr; sÞ ð25Þ

ks

oT s

oni
þ hsiT s ¼ �f siðrb; sÞ ð26Þ

kf
oT f

oni
þ hf iT f ¼ �f f iðrb; sÞ ð27Þ

Now let us(r, t,s) and uf(r, t,s) be the solution to the fol-
lowing problem
cs

ousðr; t; sÞ
ot

¼ ksr2usðr; t; sÞ � h usðr; t; sÞ½

�ufðr; t; sÞ� þ gsðr; sÞ in R for t P 0 ð28Þ

cf

oufðr; t; sÞ
ot

¼ kfr2ufðr; t; sÞ þ h usðr; t; sÞ½

�ufðr; t; sÞ� þ gfðr; sÞ in R for t P 0 ð29Þ

subject to the boundary conditions

ks
ous

oni
þ hsius ¼ fsiðrb; sÞ on the boundary Si for t > 0

ð30Þ

kf

ouf

oni
þ hfiuf ¼ ffiðrb; sÞ on the boundary Si for t > 0

ð31Þ

and the initial conditions

usðr; 0Þ ¼ F sðrÞ in R for t ¼ 0 ð32Þ
ufðr; 0Þ ¼ F fðrÞ in R for t ¼ 0 ð33Þ

where gs(r,s), gf(r,s) and fsi (rb,s), ffi(rb,s) are independent
of time, s being a fixed parameter.

Then the Laplace transform of Eqs. (28)–(31) with
respect to the variable t, obtained by using the definition
of the Laplace transform, the Laplace transform of a time
derivative and the Laplace transform of a constant, yields

css�usðr; s; sÞ � csF sðrÞ ¼ ksr2 �usðr; s; sÞ � h �usðr; s; sÞ½

��ufðr; s; sÞ� þ
1

s
gsðr; sÞ ð34Þ

cfs�ufðr; s; sÞ � cfF fðrÞ ¼ kfr2 �ufðr; s; sÞ þ h �usðr; s; sÞ½

��ufðr; s; sÞ� þ
1

s
gfðr; sÞ ð35Þ

ks

o�us

oni
þ hsi �us ¼

1

s
fsiðrb; sÞ ð36Þ

kf
o�uf

oni
þ hfi �uf ¼

1

s
ff iðrb; sÞ ð37Þ

Applying now on Eqs. (34)–(37) the Laplace transform with
respect to s, defined in the form �pðr; sÞ �L½pðr; sÞ� ¼R1

0 e�sspðr; sÞds, and the definition of the iterated transform
��uðr; sÞ of a function u(r, t,s) from Eq. (16), yields

css��usðr; sÞ �
1

s
csF sðrÞ ¼ ksr2 ��usðr; sÞ � h ��usðr; sÞ½

���ufðr; sÞ� þ
1

s
�gsðr; sÞ ð38Þ

cfs��ufðr; sÞ �
1

s
cf F fðrÞ ¼ kfr2 ��ufðr; sÞ þ h ��usðr; sÞ½

���ufðr; sÞ� þ
1

s
�gfðr; sÞ ð39Þ

ks

o��us

oni
þ hsi ��us ¼

1

s
�f siðrb; sÞ ð40Þ

kf

o��uf

oni
þ hfi ��uf ¼

1

s
�f f iðrb; sÞ ð41Þ

Multiplying Eqs. (38)–(41) by s produces
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css
2 ��usðr; sÞ � csF sðrÞ ¼ ksr2s��usðr; sÞ � h s��usðr; sÞ½

�s��ufðr; sÞ� þ �gsðr; sÞ ð42Þ
cfs

2 ��ufðr; sÞ � cf F fðrÞ ¼ kfr2s��ufðr; sÞ þ h s��usðr; sÞ½
�s��ufðr; sÞ� þ �gfðr; sÞ ð43Þ

ks

oðs��usÞ
oni

þ hsiðs��usÞ ¼ �f siðrb; sÞ ð44Þ

kf

oðs��ufÞ
oni

þ hfiðs��ufÞ ¼ �f fiðrb; sÞ ð45Þ

Comparing Eqs. (42)–(45) with Eqs. (24)–(27) leads to the
conclusion that they are identical if and only if

�T sðr; sÞ ¼ s��usðr; sÞ and �T fðr; sÞ ¼ s��ufðr; sÞ ð46Þ

However, according to Eq. (17) we have

�u�s ðr; sÞ ¼ ��usðr; sÞ and �u�f ðr; sÞ ¼ ��ufðr; sÞ ð47Þ

Combining (46) and (47) leads to

�T sðr; sÞ ¼ s�u�s ðr; sÞ and �T fðr; sÞ ¼ s�u�f ðr; sÞ ð48Þ

But in addition we also have the following relationships for
the Laplace transform of a time derivative

L
ou�s ðr; tÞ

ot

� �
¼ s�u�s ðr; sÞ � u�s ðr; 0Þ|fflfflfflffl{zfflfflfflffl}

¼0 by Eq: ð14Þ

¼ s�u�s ðr; sÞ ð49Þ

L
ou�f ðr; tÞ

ot

� �
¼ s�u�f ðr; sÞ � u�f ðr; 0Þ|fflfflfflffl{zfflfflfflffl}

¼0 by Eq: ð14Þ

¼ s�u�f ðr; sÞ ð50Þ

Combining (48) with (49) and (50) yields

�T sðr; sÞ �L½T sðr; tÞ� ¼L
ou�s ðr; tÞ

ot

� �
ð51Þ

�T fðr; sÞ �L½T fðr; tÞ� ¼L
ou�f ðr; tÞ

ot

� �
ð52Þ

Taking now the inverse Laplace transform of (51) and (52)

T sðr; tÞ �L�1L½T sðr; tÞ� ¼L�1L
ou�s ðr; tÞ

ot

� �
¼ ou�s ðr; tÞ

ot

ð53Þ

T fðr; tÞ �L�1L½T fðr; tÞ� ¼L�1L
ou�f ðr; tÞ

ot

� �
¼ ou�f ðr; tÞ

ot

ð54Þ

Substituting the definition of the convolution (14) into (53)
and (54) produces the solutions for Ts(r, t) and Tf(r, t) in
terms of the known solutions us(r, t,s) and uf(r, t,s) to
problem (28)–(33) in the form

T sðr; tÞ ¼
o

ot

Z t

0

usðr; t � s; sÞds ð55Þ

T fðr; tÞ ¼
o

ot

Z t

0

ufðr; t � s; sÞds ð56Þ

Eqs. (55) and (56) represent the Duhamel theorem for dual
phase systems. An alternative form of (55) and (56) can be
obtained by using the Leibnitz rule for derivatives of defi-
nite integrals leading to

T sðr; tÞ ¼
Z t

0

ousðr; t � s; sÞ
ot

dsþ F sðrÞ ð57Þ

T fðr; tÞ ¼
Z t

0

oufðr; t � s; sÞ
ot

dsþ F fðrÞ ð58Þ
5. Conclusions

The formulation of the Duhamel theorem applicable to
dual phase systems, such as porous media and solid suspen-
sions in fluids was derived and a proof for its applicability
was provided along with the derivations. The Duhamel the-
orem for dual phase systems subject to time dependent heat
sources and time dependent boundary conditions are
expressed in terms of known solutions of the equivalent
problem when the heat sources and boundary conditions
are independent of time, by Eqs. (55) and (56) or alterna-
tively (57) and (58), and is linked to the solution of problem
(28)–(33).
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